In this paper, we present concise proofs of several recently developed exact cone-beam reconstruction methods in the Tuy inversion framework, including both filtered-backprojection and backprojection-filtration formulas in the cases of standard spiral, nonstandard spiral, and more general scanning loci. While a similar proof of the Katsevich formula was previously reported, we present a new proof of the Zou and Pan backprojection-filtration formula. Our proof combines both odd and even data extensions so that only the cone-beam transform itself is utilized in the backprojection-filtration inversion. More importantly, our formulation is valid for general smooth scanning curves, in agreement with an earlier paper from our group ͓Ye, Zhao, Yu, and Wang, Proc. SPIE 5535, 293-300 ͑Aug. 6 2004͔͒. As a consequence of that proof, we obtain a new inversion formula, which is in a two-dimensional filtering backprojection format. A possibility for generalization of the Katsevich filtered-backprojection reconstruction method is also discussed from the viewpoint of this framework.
I. INTRODUCTION
To perform the long object reconstruction with longitudinally truncated data, the helical/spiral cone-beam scanning mode and a generalized Feldkamp-type algorithm 1 were proposed by Wang and others in 1991. [2] [3] [4] However, the earlier image reconstruction algorithms for that purpose are either approximate or exact only using data from multiple helical turns; see Refs. 5-8 and references cited therein.
In 2002, an exact and efficient method was developed by Katsevich, [9] [10] [11] which is a significant breakthrough in the area of helical/spiral cone-beam computed tomography ͑CT͒. The Katsevich formula is in a filtered-backprojection ͑FBP͒ format using data from a single PI arc, a piece of the scanning curve corresponding to the PI segment within the so-called Tam-Danielsson window, 12, 13 as illustrated in Fig. 1 . Recall that a PI line is defined to be a line that has two points on the helix and is less than 360 deg apart. 12 Accordingly, a PI segment is the segment on the PI line inside the helix. Any point on the PI segment can be reconstructed from filtered data on the detector plane with the angular range corresponding to the PI arc. Using the Tuy formula, 14 an alternative proof of the Katsevich algorithm was given by Chen. 15 In 2003, a backprojection-filtration algorithm 16, 17 ͑BPF͒ was developed for helical cone-beam CT based on the Katsevich algorithm. For important biomedical applications including bolus-chasing CT angiography and electron-beam CT/micro-CT, 18 our group has recently generalized the BPF algorithm from the case of standard spirals to the case of nonstandard spirals and other scanning loci. 19, 20 We consider that the Katsevich inversion formula is an elegant generalization of the fan-beam FBP formula from the two-dimensional ͑2D͒ fan-beam setting to the 3D cone-beam geometry. Theoretically, it has been proved that this formula reduces to the standard 2D Radon inversion formula as a helical locus is compressed into a scanning circle. 21 Moreover, this formula motivated a super-short scan fan-beam reconstruction algorithm for a given regions-of-interest, 22 which essentially has the same structure as that of the Katsevich formula. Numerically, the Katsevich formula not only permits a shift-invariant FBP algorithm as in the fan-beam case but also allows longitudinally truncated data as the Feldkamp-type cone-beam reconstruction algorithms do. 1, 2 Related to the Tuy inversion scheme, the major feature of these results is the explicit construction of a family of nontrivial weight functions for handling the data redundancy. Given the need for inversion of a truncated Hilbert transform and resampling from PI lines to regular grids, the BPF algorithm proposed by Zou and Pan 16, 17 is computationally more complicated than Katsevich's algorithm. However, the BPF framework seems theoretically rather convenient for reconstruction of regions-of-interests, 23 and more importantly for generalization into cases of nonstandard helical and other scanning loci. 19, 20 The main purpose of this paper is to establish an intrinsic relationship among the classic Tuy's inversion scheme and the newly developed cone-beam reconstruction formulas as described above. In the next section, we first formulate a weighted version of the Tuy inversion scheme, and provide several technical comments. Then we give concise proofs of the above-mentioned exact reconstruction formulas for conebeam CT using the Tuy inversion scheme. Our proof of the inversion formula proposed by Zou and Pan is new, in which both odd and even data extensions are combined to allow the inversion from the original cone-beam transform. Moreover, our proof is generally valid for nonstandard helical/spiral loci and other curves, in agreement with our earlier papers. 19, 20 As a consequence of that proof, we also obtain a new reconstruction formula, which is in a two-dimensional filtering backprojection format. Finally, in the last section, we discuss a possibility for generalization of the Katsevich FBP reconstruction approach.
II. INVERSIONS OF CONE-BEAM TRANSFORM

II.A. Tuy inversion scheme
For a real integrable function f on R 3 , the cone-beam transform Df of f along a scanning locus ⌫ ʚ R 3 is defined by
Here we assume that ⌫ is a piecewise regular curve in R 3 parametrized by a͑t͒ , t R, and f is an infinitely differentiable function with a compact support ⍀ ʚ R 3 \ ⌫. By a regular curve parametrized by a͑t͒ on an interval I ʚ R we mean that a͑t͒ is continuously differentiable and aЈ͑t͒ 0 for all t I.
It is well known ͑p. 23, Ref. 24͒ that the cone-beam transform Df is homogeneous of degree −1 in the second argument, that is,
Using this relation, one can extend Df to R 3 ϫ R 3 as ͑Df͒͑a , z͒ϵ1/ʈzʈ͑Df͒͑a , z / ʈzʈ͒. As a consequence of Eq. ͑2͒, the Fourier transform of ͑D a f͒͑z͒ϵ͑Df͒͑a , z͒ defined by, for each fixed a R
͑3͒
is homogeneous of degree −2, i.e.,
for s Ͼ 0. Theoretically, the Tuy inversion formula plays a fundamental role in cone-beam CT similar to that of the Fourier slice theorem in parallel-beam tomography. In the following sections, we will show that the Tuy inversion scheme well accommodates the Katsevich algorithm, 9-11 the Zou-Pan algorithm, 16, 17 as well as the nonstandard helical CT algorithms. 19, 25 For self-sufficiency, we first formulate the Tuy inversion scheme in a weighted form as follows.
Theorem 1. [Tuy inversion scheme] . Let ⌫ be a piecewise regular curve in R 3 parametrized by a͑t͒ , t R. For a fixed x ⍀, we suppose that there exists a weight function w x : R ϫ S 2 → R such that w x ͑t , ͒ is integrable with respect to the second variable S 2 for each t R, and the admissible set ⌳͑x,͒ = ͭ R:
is nonempty and finite for almost all S 2 . Then
͑6͒
provided that w x ͑t , ͒ fulfills the completeness condition Proof. We first consider
where changes of variables y = a͑t͒ + sz and r = s −1 have been made.
Next, multiplying both sides of Eq. ͑8͒ by w x ͑t , ͒ / ͑iaЈ͑t͒ · ͒ and summing up over the finite set ⌳͑x , ͒, it follows from the completeness condition ͑7͒ that:
Finally, by taking the integral over the unit sphere S 2 , we obtain
This completes the proof. { Several remarks are in order. First, condition ͑7͒ implies the classic completeness condition, 14 which can be stated as that almost every plane passing through a reconstruction point x ⍀ must transversely intersect the scanning locus ⌫ at least once; otherwise no weight function w x can be defined to satisfy Eq. ͑7͒. We emphasis the word "almost," which plays a crucial role in the development of the unified framework for exact cone-beam reconstruction formulas. It is underlined that this word is not in the standard statement of Tuy's condition, which makes the condition appear much stronger than it is. We refer Theorem 1 as an inversion scheme because it includes a quite general weight function. There are numerous possible weight functions, while Tuy's choice corresponds to a trivial weight function being 1 at one intersection point and 0 elsewhere.
Second, the geometric meaning of the admissible set defined by Eq. ͑5͒ is quite clear. Each set ⌳͑x , ͒ corresponds to a subset of x-ray sources, ͕a͑͒ ⌫ : ⌳͑x , ͖͒, which are transverse intersections of the scanning locus ⌫ and the plane ⌸͑x , ͒ passing through the given point x with the normal vector , see Fig. 2 . Physically, for a given reconstruction point x ⍀, the frequency component ‫ץ‬ / ‫ץ‬t͑D a͑t͒ f͒ ͑͒ along the direction S 2 is assembled from the cone-beam data at a͑t͒, see Eq. ͑8͒. This component would vanish if the plane ⌸͑x , ͒ is tangent to the scanning locus ⌫ at a͑t͒. However, the image intensity f͑x͒ can still be recovered reliably as long as the frequency components are available along almost all directions. It is worthwhile to point out that the Tuy inversion formula ͑6͒ averages out the even part of ‫ץ‬ / ‫ץ‬t͑D a͑t͒ f͒ ͑͒ if the weight function w x ͑t , ͒ is even in S 2 . Third, the assumption on the finiteness of the set ⌳͑x , ͒ is rather technical. A weaker condition can certainly be used and will be desirable at least theoretically. For example, when the 3D formulation is reduced to a 2D setting, the entire planar scanning locus lies on the plane ⌸͑x , ͒ that coincides with the reconstruction plane. Studies on these cases are beyond the scope of the current paper, we refer to Refs. 23,26 for some related development.
Fourth, it is known that Grangeat's method 27 for conebeam reconstruction can be derived from the Tuy inversion scheme ͑see pp. 129-131, Ref. 24͒. Since Grangeat's method relies on the 3D Radon inversion formula, the derivative of Grangeat's auxiliary function ͉G͑a͑t͒ , ͒ = ‫ץ‬ / ‫ץ‬s͑Rf͒͑ , s͉͒ s=a͑t͒· with respect to the variable s = a͑t͒ · is required at each reconstruction point x ⍀ with x · = a͑t͒ · , where Rf denotes the 3D Radon transform of f. Therefore, the condition for "transverse intersections" is implicitly employed via the differential ds = ͑aЈ͑t͒ · ͒dt. Numerically, the computation of ‫ץ‬ / ‫ץ‬sG͑a͑t͒ , ͒ = ‫ץ‬ / ‫ץ‬s͓͉ ‫ץ‬ / ‫ץ‬s͑Rf͒͑ , s͉͒ s=a͑t͒· ͔ from the conebeam transform D a͑t͒ f along the scanning locus a͑t͒ would become unreliable if aЈ͑t͒ · =0.
Finally, the Tuy inversion scheme was once implemented, 28 in which the average weight function w x ͑t , ͒ = n͑x , ͒ −1 was used, n͑x , ͒ being the total number of transverse intersections of ⌫ with ⌸͑x , ͒. Unfortunately, it did not attract a major attention because the algorithm is not of shift-invariant FBP.
II.B. Katsevich FBP formula
In this section, we derive the Katsevich reconstruction formula from the Tuy inversion scheme ͑Theorem 1͒ for a class of regular curves, which includes the standard helical scanning locus parametrized as
͑11͒
for given positive constants R and h.
To emphasize the FBP structure of the Katsevich formula, we rewrite the formula using linear operators. We start with defining the filtering operators. The first filtering operator is ‫,ץ‬ denoting the derivative with respect to the variable t of the cone-beam transform ͑Df͒͑a͑t͒ , ͒. The other filtering operator is an analog to the one-dimensional Hilbert transform, and is defined on any plane in R 3 . For any given unit vector ␣ S 2 , we define ␤ = ␤͑␣͒ S 2 with ␣ · ␤ = 0, and denote
Then, the Hilbert transform H ␤ depending on the mapping ␣ ‫ۋ‬ ␤͑␣͒ is defined in the projection space ⌫ϫS 2 by
for ͑a͑t͒ , ␣͒ ⌫ϫS 2 and any Schwartz function g on R 3 ϫ S 2 . The mapping ␣ ‫ۋ‬ ␤͑␣͒ generates a family of filtering lines on the detector for each x-ray source location as ␣ varies in its domain, which are the intersection lines of the detector with the plane spanned by the unit vectors ␣ and ␤͑␣͒, as shown in Fig. 3 .
To state the Katsevich reconstruction formula for a class of regular scanning loci, we need the concept of the generalized PI segment, or chord, by which we mean any line segment with its two endpoints on the locus ⌫, see Fig. 1 for the illustration with a standard helix. It is known that for every point inside a helix with either constant or variable pitch there is a unique PI segment. 12, 13, 29 For any point x ⍀ on the chord
we define the backprojection operator D # over the projection space ⌫ϫS
where I x ϵ͓t 1 , t 2 ͔ ʚ R referred to as a chord interval of x ⍀ , ʈx − a͑t͒ʈ the Euclidean norm of the vector x − a͑t͒ R 3 , and
the unit vector pointed to x ⍀ from the source location a͑t͒ , t I x . We remark that this backprojection operator D # is no longer the adjoint operator of the cone-beam transform operator D, which has the reciprocal of square distance weight ʈx − a͑t͒ʈ −2 . 30 Finally, we recall that the signum function on R is defined as
Theorem 2. [Katsevich FBP formula] . Let ⌫ be a regular curve in R 3 parameterized by a͑t͒ , t R. Then, for each x ⍀ on a chord such that ͕ I x : x · = a͑͒ · ͖ is nonempty and finite for almost every S 2 , there holds the inversion formula
provided that the mapping ␣ x ͑t͒ ‫ۋ‬ ␤ x ͑t͒ = ␤͑␣ x ͑t͒͒ fulfills the completeness condition
for almost all S 2 .
Proof. We start with the inverse Fourier transform of the cone-beam data
͑20͒
where we have used the spherical coordinates v = s and the homogeneity property ͑4͒ of ͑D a͑t͒ f͒ . By making the change of variable u = s͑␥͒, we have 
since, with u 1 = ␣ · u and u 2 = ␤ · u, we have
Next, to make a connection with the Tuy inversion scheme, we consider the weight function
ͮ ͑23͒
We notice that, by the definition of the signum function ͑17͒,
Therefore, the completeness condition ͑19͒ is equivalent to
for almost all S 2 , where ⌳͑x , ͒=͕ I x : x · = a͑͒ · , aЈ͑͒ · 0 and ␤ x ͑͒ · 0͖ is the admissible set defined by Eq. ͑5͒ with respect to the weight function given by Eq. ͑23͒. It is a consequence of our assumptions and the complete condition ͑24͒ that the admissible set ⌳͑x , ͒ is nonempty and finite for almost all S 2 . In our current setting, the following two properties of the Dirac delta function are valid: It then follows that:
The last equality is due to Theorem 1 and the completeness condition ͑24͒. { Although the Hilbert filtering H ␤ can be performed for any given mapping ␣ ‫ۋ‬ ␤͑␣͒ it does not always generate an exact reconstruction. Hence, the determination of a mapping ␣ ‫ۋ‬ ␤͑␣͒ satisfying the complete condition ͑19͒ is the most important ingredient in development of an exact cone-beam reconstruction algorithm. As we have mentioned in the introduction, the non-triviality of Katsevich's work 11 lies in that he has analytically provided a family of mappings ␣ x ͑t͒ ‫ۋ‬ ␤ x ͑t͒ = ␤͑␣ x ͑t͒͒ for all PI segments of a standard helix ͑11͒, which are independent of x ⍀ and satisfy the completeness condition ͑19͒. His construction is based on a geometric argument, and possesses the property that
are the three transversal intersection points of ⌫ x with ⌸͑x , ͒. The remaining cases, including aЈ͑͒ · = 0 for some I x so that x · = a͑͒ · , form a subset of S 2 with measure zero, and therefore do not contribute to the completeness condition ͑19͒. This construction was later generalized to nonstandard helixes with variable pitch. 31 We also remark that the relationship between the Katsevich formula and the Tuy scheme was identified earlier by Chen. 15 While Chen derived the Katsevich formula from the weighted Tuy scheme ͑6͒, we have just shown that the Katsevich formula can be fitted into the Tuy scheme in a straightforward manner. This intrinsic relationship is important for a better understanding of a variety of exact reconstruction algorithms, and further development of new cone-beam algorithms. In the last section, we shall suggest a scheme for generalization of the Katsevich approach along this direction.
One of important classes of scanning loci satisfying the conditions of Theorem 2 is those that have nonzero torsion everywhere. Recall that the torsion of a space curve a͑t͒ , t R, is defined by ͑t͒ = ͓aЈ͑t͒ ϫ aЉ͑t͔͒ · aٞ͑t͒ ʈaЈ͑t͒ ϫ aЉ͑t͒ʈ 2 .
͑28͒
According to differential geometry, 32 a space curve is planar if and only if it has zero torsion, and is a standard helix if and only if the ratio of its torsion and curvature is a constant. Therefore, this class is a natural generalization of standard helixes; in particular, it includes the so-called nonstandard helixes parametrized by functions of the form
a͑t͒ = ͓R͑t͒cos t,R͑t͒sin t,h͑t͔͒, t R, ͑29͒
with appropriate real-valued functions R͑t͒ and h͑t͒ ͑for example, functions in Refs. 29,31͒. In this case, the set ͕ I x : x · = a͑͒ · ͖ is nonempty and finite for given x ͑a 1 , a 2 ͒ and S 2 . To understand this point, we consider a continuous function of one variable: d͑t͒ = ͑x − a͑t͒͒ · , t I. Because the curve segment ⌫ x = ͕a͑t͒ ⌫ : t I x ͖ contains no point of zero torsion, any plane ⌸͑x , ͒ which does not contain the chord ͑a 1 , a 2 ͒ must separate a 1 and a 2 on the opposite sides of the plane, that is, d͑t 1 ͒d͑t 2 ͒ Ͻ 0. Therefore, the continuity of d͑t͒ and the compactness of interval I x implies that there are at least one and at most finitely many solutions to the equation d͑t͒ = 0. Furthermore, for each given t I x , the set ͕ S 2 : aЈ͑t͒ · =0͖ has measure zero since nonzero torsion of ⌫ at t implies aЈ͑t͒ 0. Therefore, the admissible set ⌳͑x , ͒ given by Eq. ͑24͒ is nonempty and finite for all S 2 . In practice, other interesting variations may be encountered, such as the helix-like locus consisting of piecewise straight line segments proposed by Wang et al. 2, 4 In that case, almost all points of the locus have zero torsion, but Theorem 2 still applies ͑as long as the completeness condition ͑19͒ can be fulfilled͒ because the set of planes containing the line segments has zero measure.
II.C. Generalized Zou-Pan BFP formula
In this section, we extend the work by Zou and Pan 16, 17 to formulate a BPF reconstruction formula for general scanning loci using the Tuy scheme, which is consistent to an earlier paper from our group. 26 Moreover, our proof eliminates the need for the odd extension of cone-beam data as proposed in Ref. 17 . As a consequence of our proof, we obtain a novel inversion formula ͓see Eq. ͑40͒ below͔.
We first define the Hilbert transform H e along a given direction e R 3 which can be expressed via the Fourier transform as
for x R 3 and any Schwartz function g on R 3 .
Theorem 3. [Generalized Zou-Pan BPF formula].
Let ⌫ be a regular curve in R 3 parametrized by a͑t͒ , t R. Suppose that a 1 = a͑t 1 ͒ and a 2 = a͑t 2 ͒ are two distinct points on ⌫ with t 1 Ͻ t 2 , then the inversion formula
holds for all x ͑a 1 , a 2 ͒ പ ⍀. Proof. We denote ͑D + f͒͑a , ͒ = ͑Df͒͑a , ͒ + ͑Df͒͑a ,−͒ and ͑D − f͒͑a͑t͒ , ͒ = ͑Df͒͑a , ͒ − ͑Df͒͑a ,−͒, the even and odd extension of the cone-beam data ͑Df͒͑a , ͒ respectively. We now show that the reconstruction formula ͑31͒ is true if Df is replaced either by D + f or D − f, and thus Eq. ͑31͒ follows immediately since all the operators in Eq. ͑31͒ are linear.
We first note that ͑D a͑t͒ ± f͒ ͑v͒ = ͑D a͑t͒ f͒ ͑v͒ ± ͑D a͑t͒ f͒ ͑−v͒, which is even/odd with respect to the variable v R 3 , where
In what follows we also denote e x = a 2 − a 1 and often invoke the following property of integral over the unit sphere S 2 :
for any integrable function g on S 2 .
We next compute the Fourier transform of ͑D # ‫ؠ‬ ‫ץ‬ ‫ؠ‬ D ± f͒:
where the change of variable z = y − a͑͒ and the homogeneity property ͑2͒ of Df have been applied.
The following integral plays a key role in our generalized formulation. 19 Due to the continuity of aЈ͑t͒ and the change of variable u = ͑x − a͑t͒͒ · , we have
To prove the inversion formula ͑31͒ for D − f, we use the spherical coordinates v = s and the homogeneity property ͑4͒ of ͑D a͑t͒ f͒ . We thus obtain
where the last equality is due to Eq. ͑32͒. By using Eqs. ͑8͒ and ͑34͒, we then have
where e ira͑t͒· ␦͑͑x − a͑t͒͒ · ͒ = e irx· ␦͑͑x − a͑t͒͒ · ͒ has been used. This proves Eq.
On the other hand, to prove Eq. ͑31͒ for D + f we multiply both sides of Eq. ͑8͒ with ␦͑͑x − a͑t͒͒ · ͒, and integrate over I x with respect to t. We then get
It then follows from Eq. ͑33͒ that
Finally, by applying H a 2 −a 1 to both sides of the last expression we obtain the formula ͑31͒ for D + f due to ͑H a 2 −a 1 ‫ؠ‬ H a 2 −a 1 f͒͑x͒ =−f͑x͒. Therefore, the proof is completed. { We remark that according to the above generalized BPF formula the exact reconstruction can be performed not only on PI segments ͑either unique or non-unique͒ but also on any chord connecting a piece of a continuous scanning curve. Furthermore, the reconstruction formula ͑31͒ is generally valid even if a part of the scanning locus ⌫ is among disjoint components of ⍀, as shown in Fig. 4 . Nevertheless, the scanning locus is always outside the patient support ⍀ in clinical CT applications.
We also remark that the Zou-Pan BPF algorithm can be considered as a special case of the general Tuy's inversion scheme, since the identity ͑34͒ is equivalent to
for almost all S 2 by Eq. ͑26͒ in the setting of Theorem 2. Furthermore, the proof of Theorem 3 gives us a new inversion formula, that is
This inversion formula is a consequence of Eqs. ͑31͒ and ͑35͒, since we have, by replacing D − f by Df in Eq. ͑35͒,
Mathematically, the new inversion formula ͑40͒ has the advantage of utilizing an even filtering kernel complementary to the odd Hilbert filtering kernel. Since either the odd or even filtering can be utilized for reconstruction, an appropriate combination of these two schemes may yield better image noise characteristics in CT applications, given the fact that the odd/even filtering kernel only handles the even/odd part of the cone-beam data. However, a direct implementation of Eq. ͑40͒ appears to be computationally more inefficient than either Katsevich or Zou-Pan algorithms due to its shift-variance nature.
III. CONCLUSION AND DISCUSSIONS
We have presented two recently developed exact conebeam reconstruction formulas in terms of the Tuy inversion scheme. While a somewhat similar proof of the Katsevich algorithm has been known, our proof of the Zou-Pan algorithm is new and does not require the odd extension of the cone-beam data. More importantly, our formulation is generally valid for nonstandard helical/spiral loci and other curves, being consistent with an earlier paper from our group. 19 Our formulation allows new insights into this area, and promotes further theoretical development. As a matter of fact, under the assumptions of Theorem 2, we may consider a general filtering operator associated with a given family of functions ͕ x ͑t , v͒ :
For simplifying the discussion, we assume that x ͑t , v͒ is odd and homogenous of degree 0 in the second variable v. Then, similar computation as Eq. ͑35͒ shows that The last expression holds the key to enable the transition from the FBP formulation to the Tuy inversion scheme; see Eq. ͑27͒. The exactness of the FBP reconstruction associated with this filtering operator H still relies on the complete condition similar to Eq. ͑19͒, which is ͚ ⌳͑x,͒ sgn͑aЈ͑͒ · ͒ x ͑,͒ = 1, ͑44͒
for almost all S 2 , where ⌳͑x , ͒ is the admissible set defined by Eq. ͑5͒ associate with x ͑t , v͒. In fact, for any function x ͑t , ͒ which is odd and homogenous of degree 0 in , one can choose x ͑t , ͒ = M x, x ͑t , ͒, where
provided M x, is finite for almost all S 2 . ͑We note that M x, is even and homogenous of degree 0 in .͒ For example, for filtering along the tangent direction aЈ͑t͒, one can choose x ͑t , ͒ = sgn͑aЈ͑t͒ · ͒, then M x, =1/n x, with n x, being the cardinality of the admissible set ⌳͑x , ͒. Similarly, one can consider filtering along n directions specified by the vectors ␤ x ͑j͒ ͑t͒ R 3 , j =1,… , n, and define the following linear combination of signum functions: where x ͑j͒ ͑t͒ , j =1,… , n, are scalars. Furthermore, we can easily conclude that the filtering H is shift-invariant if x ͑t , ͒ is independent on x ⍀, and that the FBP can be reduced to the BPF if x ͑t , ͒ is independent on t. In the later case, by taking any no-where-zero function x ͑͒ inde -FIG. 4 . Exact reconstruction on a chord ͑generalized PI segment͒. pendent on t, we have M x, = sgn͑͑a 2 − a 1 ͒ · ͒ / x ͑͒ due to Eq. ͑39͒ for x ͑a 1 , a 2 ͒ പ ⍀. Therefore, in the current setting, the Hilbert filtering along the chord or the generalized PI segment with x ͑t , ͒ = sgn͑͑a 2 − a 1 ͒ · ͒ is the unique choice for an exact BPF reconstruction, while the corresponding filtering in FBP reconstruction is no longer shift-invariant. 17, 33 Finally, the above-characterized structure of filtering operators for exact cone-beam reconstructions is also a framework for analysis and minimization of images artifacts in approximate cone-beam image reconstruction such as the ones proposed in Ref. 34 .
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